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SUBSAMPLING THE NONRESPONDENTS IN
CLUSTER SAMPLING ON SAMPLING ON TWO
SUCCESSIVE OCCASIONS

Housila P. Singh, Sunil Kumar'

ABSTRACT

The problem of estimation of finite population mean for current occasion in the
context of cluster sampling on two successive occasions when there is non-
response on both the occasions. Estimators for the current occasion are derived as
the particular case when there is non-response on first occasion and second
occasion only. A comparison between variances of the estimates is studied. An
empirical study is made to study the performance of the proposed strategy.

Key words: Non-response, Successive sampling; Mail surveys; Study variate;
Aucxiliary variate.

1. Introduction

Cluster or area sampling is widely practiced in sample surveys because of its
low cost and time saving device to conduct large scale and complicated surveys.
In those sample surveys where there is no list of the elements in the finite
population or units of the population are widely scattered, it is required to take
repeated observations on the selected units. It is well known that the cluster
sampling is better than the simple random sampling when the intra class

correlation within the same cluster is negative and smaller than —(M —1)7",

where M denotes the size of the cluster. It is noted that the relative efficiency of
the cluster sampling with respect to simple random sampling depends upon M ,
the size of the cluster and the intra-class correlation coefficient, it decreases if the
size of the cluster M increases considerably. In practice, the intra-class
correlation coefficient is generally non-negative and decreases as M increases,
but the rate of decrease is small relative to the rate of increase in M, so that
ordinarily, increase in the size of a cluster leads to substantial increase in the
sampling variance of the sample estimate, see Sukhatme and Sukhatme (1970).
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Zarkovich and Krane (1965) demonstrated that the correlation between two
characters in cluster sampling with clusters as sampling units is expected to be
higher than correlation coefficient in element sampling.

It is well known that the use of auxiliary at the estimation stage improves the
efficiency of the estimators. Out of many ratio, product and regression methods of
estimation are good illustrations in this context. If the survey is repetitive in
nature, past values of the variable under investigation may be used as an auxiliary
to improve on the precision of the current estimate. In such repetitive surveys, a
fraction of the original sample units may be retained for use at the current
occasion, while the remaining fraction is selected afresh. This procedure is known
as sampling on successive occasions. The papers by Jessen (1942), Ware and
Cunia (1962), Frayer and Furnival (1967), Singh (1968), Kathuria (1975), Raj
(1979), Arnab (1980), Singh et al (1992) and Singh and Vishwakarma (2007).
Recently Pradhan (2004) considered the problem of estimating the mean on
second occasion over sampling on two successive occasions when the sampling
units are clusters and the observations on the first occasion are regarded as
ancillary information for the observations on the second or current occasion.
These authors have carried out their studies under the supposition that there is
complete response from all the sample units.

In surveys covering human populations this information is usually not
obtained from all the sample units even after callbacks. Hansen and Hurwitz
(1946) were the first to deal with the problem of incomplete samples in mail
surveys. This method has been applied by various authors including Cochran
(1977), Rao (1986), Khare and Srivastava (1993, 1995, 1997), Okafor and Lee
(2000), Tabasum and Khan (2004, 2006), Choudhary et al. (2004), Okafor (2001,
2005) and Singh and Kumar (2008 a, b).

In this paper the theory for use of Hansen and Hurwitz (1946) technique for
estimation of population mean for current occasion in the context of cluster
sampling over sampling on two successive occasions has been developed. The
results obtained are depicted with the help of numerical illustration.

2. Estimation of population mean for current occasion in the presence
of nonresponse on both the occasions

Suppose that the population is composed of N clusters of M elements each,
and that a simple random sample of # clusters is drawn without replacement from
it. Let (xl.j, Vi ), i=1,2,...,N; j=1,2,..., M) be the values of the characteristic on

first and second occasions for the j” unit of the i cluster, respectively. We

assume that the population can be divided into two classes, those who will
respond at the first attempt and those who will not. Let the sizes of these two
classes be N, and N, clusters respectively. In the second occasion m (=ni)of

the 7 clusters selected on the first occasion retained at random and the remaining
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u=nu=(n—m) of the clusters are replaced by a fresh selection. The characters
x and y are supposed to be correlated when they are observed (repeatedly). We
assume that in the unmatched portion of the sample on the two occasions u,
clusters (i.e. M u, elements) respond and u, clusters (i.e. M u, elements) do not.
Similarly, in the matched portion m, clusters (i.e. M m, elements) respond and
m, clusters (i.e. M m, elements) do not. Let m, =m, [k, k >1 denote the size

of the sub sample drawn from the non-response class from the matched portion of
the sample on the two occasions for collecting information through personal
interview. Similarly, denote by u, =u, Jk, k>1 the size of the sub sample

drawn from the non-response class from the unmatched portion of the sample on
the two occasions. Further, we define:

M M
e X, = inj /M and Y, = Zyij /M are means of the i cluster on the
J=1 J=1
first and second occasion respectively,

N N
e X= Zfﬁ /N and Y = Z}i‘ /N are cluster population means of x and
-1 -1
y respectively.

N M N M
o )?NM:ZZXU/NM and ?NM:ZZ)G;/NM are the population

i=l j=1 i=l j=1
means of x and y per element on the first and second occasions
respectively.

N M
e SI= ZZ(xl.j — Xy )2 / (NM —1): the population mean square between
i=1 j=1
elements on the first occasion.

o ZZ(}/U ) / NM 1) the population mean square between
i=l j=l
elements on the second occasion,
N M . _
e p. = ZZ(xij - Xy Xxjk - Xy )/{(M — 1)(NM —I)Sf }: the intra-class
i j<k
correlation coefficient between elements of a cluster on first occasion,
N M
* p,= ZZ(y” Yuu Xylk )/{(M 1\NM — l)S2 }: the intra-class
i j<k
correlation coefficient between elements of a cluster on second occasion,
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N N 2
°* P :Z(Y[ _YNMXXL _XNM) {Z(K _YNM) Z(Xlz _XNM) } :
i=1 i=1 i=1
the simple correlation coefficient between cluster means on both
occasions.
Let an equivalent sample of nM elements be selected from the population of
NM elements by simple random sampling. Then the mean per element on the

first and second occasions respectively be defined by

nM nM uM
Xy = Zx,/nM and y,,, = Zy,/nM. Similarly, we define x,,, = Zx,/uM
I=1 I=1 I=1
uM
and y,,, =Z y,/uM as sample means based on a simple random sample of
=

uM units.
Further, we denote
o x(z) = ZZ( )2 /(N M —1): the population mean square

i=l j=1
between the elements pertaining to the non-response class on the first
occasion,

N, M
e S yz(z) = ZZ()@/ -7, N,M )2 / (N M —1): the population mean square

i=l j=1
between the elements pertaining to the non-response class on the second
occasion,

® P = ZZ(X - NZMX Xjk — ){(M IXNM I)S (2)} the

i=l j<k
intra-class correlation coefficient between elements of a cluster on first
occasion pertaining to non-response class,

N, M
* P~ ZZ(yii Yyu ijk Yy )/{(M—IXNzM—l)Sﬁ(z)}: the intra-

i=l j<k
class correlation coefficient between elements of a cluster on second
occasion pertaining to non-response class,
12
N, N, N,
= = = = ) = = 2
® Py = Z(Yz _YNZMXXi. _XNZM) {Z(Yz _YNZM) Z(Xi. _XNZM) }
i=l i=l i=1
: the simple correlation coefficient between cluster means on both the
occasions pertaining to the non-response class,
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Ny M N, M
o )?NZM :ZZXU/N2M and YNZM :ZZyij/NzM are the means of

i=1 j=1 i=1 j=1
x and y per element on the first and second occasions respectively
pertaining to the non-response class.

Let x,,, and X,,, denote the Hansen and Hurwitz estimator for matched and
unmatched portion of the sample on the first occasion. Let the corresponding

estimator for the second occasion be denoted by f;M and )7:M. Thus, we have
the following set-up:

I* Occasion —* —*
Xum XM
nd . 3 _*
2" Occasion Vo Yum

where

—%

Vm = (m]MJ_}mIM +m2M.)_}mh2M)/mM > J_’:M = (ulMJ_’u,M +u2MJ_}uh2M) uM,
So =M%, + M, )imM 5 =M%, 0, M5, )M,

my M My, M m M
Pt = 2205 MM s T s = D23y [, M s By = D3 x5 [ M,
i=1 j=1 i=1 j=1 i=1 j=1

ny, w, M Up,

o = 33 M Ty = 2 M T = 33, M

i=l j=l1 i=l j=1 i=l j=I

Mhz

u M
X 01 :Zinj/ulM and X, Z“Z“x”/uh2

=l j=1 =l j=1
With these notations and background we define a generalized estimator of the
populatlon mean Y on second (current) occasion as

D12 =ax,y +bx M +cymM +d)7uM’ (2.1
where 4, b, cand 4 are suitably chosen constants. We have
E(Dy, )= (a+ 5Ty, +(c+d)X 2.2)

= (a+b)Y +(c+d)X (since clusters are of equal size).

In order that D,, is an unbiased estimator of ¥y, (or Y ), we have
(a+b)=0 and (c+d)=1.
Substituting the values of z and 4 we obtain

Dy, = a()_C:M - f:'lM) + C)_’;;M +(1- C)y:M . (2.3)
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The variance of D1 , 1s given by
VarlDy, )= [a?Var(x0,) + a*Var(Ei,, ) + 2 Var(5in, ) + (1 - ) Var(5y, )
~2acCoW(X s Toas)) (2.4)

Assuming that N is sufficiently large, other covariance terms being zero, the
variances and covariance involved in (2.4) are given by

Var()_c:M )= uLM {p;Sf + W, (k- l)pz(z)Siz) }’

*

Varlsis )= — Ao} + Mok =19} S
()_c ) mLM {psz + Wy (k=1)p S 2a) }’
VarlTon )= Aoy + Wk =9l 2

p— —k 1 * * * *
COV(XmM > Vmm ) = m_M {pb \ PPy Sny +W, (k- 1)Pb(2) VPx2)Py2) Sy(Z)Sx(Z) }a

where p; ={l+ p, (M =D}, plo) =L+ pyo)(M =D}, p, ={L+p,(M ~Dfand

Py = {1+Py<2> (M_l)}-
Putting the above variances and covariance expressions in (2.4) we get the

Var

mM

variance of ﬁlz as
. 1(1 1) » . \ \
Var (D12)= {ﬁ(jr;j{( Sx W (k ‘DPx(z)Sf(Z))”z + (pysj +W,(k ‘DPy(z)Sf(z))fz}

*

1 *
+ W(l - 20)(PySy2 + Wy (k~ l)py(Z)Sf(z))

Zac * % * *
- W[ﬂb NI (k=Dpy) VP2 Py S y2)5x2) H .

(2.5)
which is minimized for
j“JUI/yI/xy
a= ( 21,2 )
VxVy —u ny
W,
Ty )
x"y H xy
where
v, = (P;S.i + W, (k _1)/’;<2>S.3(2>)’
V.= (P:Sf +W, (k- 1)pi(2)S,3(2) )’

(2.6)
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ny Z(pb p;p; Sny + W2 (k - 1)pb(2)ﬂpi(2)p;(2) Sy(Z)Sx(Z)j .

Substituting the values of # and ¢ the minimum linear unbiased estimator for the
population mean on the second occasion is given by

o /1V V. W\ . . uvv. —u 2y
D 0 NS =X+ Ty | g
12 — |:(V V —u V2 ){[ Vx J( uM mM) ymM} [ VxVy — in yuM

(2.7)
The variance of 151*2 is obtained as
27,2 2
Var(l'j* )_ ('UVXV)’ H ny)V (VV 'UVW)V)’ . (28)
amuV v, —iv2) am(yy, - v?)

In case there is no-response then Var(D ) reduces to

~ (1 — HpPy )Vy
sy} Y 29

which is the same as obtained by Pradhan (2004) for the optimum estimator of
the population mean on the current occasion in the context of sampling on two
occasion when there is non-response.

1/2
" S |1+ (M -1 — _ _
D, = [S_y{ ( )Py} wl=1p (XMM _XmM)

1+(M-Dp, | (1-p*p})

(I-0) & (I-w) |+
TSt D S i (2.10)
(1-u’p; { (a-u pb)} }

Minimizing the variance of DI*Z given at (2.8) yields the optimum fraction of
unmatched and matched portion of the sample as

v,

luopt = 22 B 5 (21 1)

VIV, +VV, =V V.V,

V-V

Peopt = = = (2.12)

vy, + V7 Vo =vVr;
Thus, the resulting minimum value of the variance ﬁl*z is given by

. Vv

min.Var(Dn)z S . (2.13)

2 2
2nM(VxVy N A j
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Remark 2.1

When there is non-response only on first occasion, then minimum variance
unbiased linear estimator (MVULE) for the estimator for the population mean on
current occasion can be obtained as follows:

Dy =%y =%y )+ Ty + (= C)Pns . (2.14)

The variance of 151 is given by

. 1([1 1 1 Ve 11
Var(Dl)zMHZ(I—ZC)+(;+;)CZ}VW) ~2ac ;“ +a2(;+;)VX},

(2.15)

where V= pS2 and V) = p,S,S.+p,S2 .

y

The variance of ﬁl is minimized for
g Y0V sy
V=1V g0
AV, Vy(l)

X

27,2
ViV =17V g

(2.16)
Thus, the MVULE for the current occasion in this case is given by

5 AV Mgy [ o), o By =1V o) | v
Dl = - y2 P ;y (xuM_me)+ymM + - 2 ;y VuM
ViVyay = # V) x VVyay = # V)

y

(2.17)
Substituting (2.16) in (2.15) we get the variance of bl* as
.y VUV . —uV?
VarlD; )= — 20 “H w0 (2.18)
nM (VxVyu) M ny(l))
The optimum fraction to be unmatched is given by
,u _ I/x y(1)
opt 2,0 )
VVia + \/ Voo =ViVaVsa
— g (2.19)
1= \/Vx Vy(l) - VxVy(l)ny(l)
I N AN
Ly AV v TV o) o
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Thus, the resulting minimum value of Var(ﬁl* ) at (2.18) is given by
. V2,V
min Var(D; )= 20T . (2.20)
21,2 2
2”’M(VxVy(1> - \/Vx Vioy =VVaVam ]

Remark 2.2

When there is non-response only on second occasion, the MVULE for
population mean on the current occasion can be obtained as follows:

Dy =al®yy =%y )+ Foag + (1= ) |- 2.21)

The variance of 132 is given by

i Vowr  d
Var(D, )= %{i >+ (=20, - 2ac 20 Ly (2.22)

where V) = p.S7.
The variance of 152 is minimized for
o= YV
27,2
VioVy =17V5a

y

AV V.

x()y
2172
ViVy =V

(2.23)
Thus, the MVULE 1in this case is given by

. V1PN wom ) - . WV, — Vi .
D2 = =0 zy 2 { ny() (xltM_me)+ymM + )y 2 ;y() VuM
ViayVy =7V x(1) VeiayVy =7V

(2.24)
Substituting (2.23) in (2.22) we get the variance of 15; as
. V.V, —uV:
Var(D; )= — 0 “H w0 (2.25)
MV, V, =1V i)
The optimum fraction to be unmatched is given by
U= Vx(l)Vy
ot 2 12 2
ViV + \/ VioVs =V sV
(2.26)

2 2 2
\/ ViVy VeV Vaw

opt

2 2 2
VX(I)Vy - \/VX(l)Vy N VX(l)Vnyy(l)
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Thus, the resulting minimum value of Var(ﬁ;) at (2.25) is given by
VaVs

(1)

2 1,2 2 '
2nM(Vx(l)Vy - \/Vx(l)Vy - Vx(l)Vy ny(l) )

min .Var(ﬁ; ) =

(2.27)
3. Comparison between variances of the estimator
3.1. Comparison between variance of D, and D;.
We note from (2.13) and (2.27) that
min .Var(ﬁfz ) > min .Var(Dj ) if
2 2
Vo N &0
2772 2 2 2 2
(VxVy - \/Vv Vy - VxVnyy j (VXU)Vy - \/VX(l)Vy - Vx(l)Vnyy(l) )
(3.1)
3.2. Comparison between variance of D;, and D; .
We note from (2.13) and (2.20) that
min .Var(lﬁl*2 ) > min.Var(ﬁf ) if
27172 2
(1), U V)
> .
|4 V 27,2 2
vy Vo (VxVy(l) N T A j
(3.2)

For the sake of convenience we assume that
p.=p,=plsay)=p, =p, ={l+p(M-1)}=p" (say),
Px2) =Py =P (SC’J’):> p:(z) = p;(z) = {1 + P (M - 1)}= ,0:2) (SCW)’
ST =8 =S(say), Sin =20 =S5 (say).
Thus Var(D} ). VarlD;), var(D}) and var(D;, ) respectively in (2.9), (2.16),
(2.23) and (2.8) reduce to:

g 1_ 2
VarlD;)= Ml“pbz 2, (3.3)
nM\L = py
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40 _,UV(T)
Vv, -V )
.. v:our”
Var(D12)= nj(\l(VzlLiﬂzg/*z)’
where V=V =V, = {p*S2 + W, (k —l)p(*z)S(zz)}
- Ve {pbp S* + W, (k )/’b(z)P(z)S(zz)}

Var(B; )= var(D;)=

2 2
Voy=Vyay =Vey =p 'S? and V(I) =Voay = PpS AP 'S

lag gt T
Hence, the expression for the percentage loss in precision of D,, over D, is

given by

1, =7 D”) 11x100,
VarD

(3.4)

(3.5)

(3.6)

where Var( 12) and Var(ﬁ;) are respectively given by (3.6) and (3.3).

The percentage loss in precision of 15* (orb*) over 15* can be achieved by
replacing Var( )Wlth Var( )(or Var( )) given by (3.4). The percentage loss
in precision of D12 ,D2 (or D1 ) over D0 for different values of W, , (k - 1), M,
Hs Py Py ,p* , /’:2) 2P P2y S? and S(zz) shown in Table 1 and 2. It is assumed

that N =300 and »=150.
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Table 1. Percentage loss in precision of 5;2, b; (or ﬁl* ) over bg for different

values of W, , (k-1), u, p, Pays Pbs Poays S? and S(zz) when M =2.

%

W, (k-1)| PPy |p ,0:2) Py Poa | S? Sé) L, | L

P<Pw

07125050108 ] 11 ] 18] 08|02 04| 02 |17.04]12.62

0712510510207 ]12]17]08 ] 0204 | 02 |1637]12.12

07125050306 |13 ]16| 0802/ 04| 02 |1568]|11.61

07 125]05]04]05]14]15]08 02|04 02 |1495]11.10

P>Pw

0.7 2 05|08 |05 | 18| 15|07 | 021|041 02794 0.17
0.7 2 05|08 | 04| 181|141 07| 02|04 ] 02 |7.67 |2.64
0.7 2 05108 |03 |18 1| 13|07 | 021|041 02 737|524
0.7 2 0508 02|18 1| 121]07 | 021|041 02 |7.05]7.98
P=Pw
0.4 2 041107107 |17 1|17]08 )| 02| 05] 02733 ]3.76
0.4 2 0411071107 |171|17]08 )| 02| 05] 02733 ]3.76
0.4 2 041107107 |17 1|17]08 )| 02| 05] 02733 ]3.76
0.4 2 041107107 | 17|17 ]08 ) 02| 05] 02733 ]3.76

Py < Pp2)

07151030508 | 15]18]04]05]08]02

07151030508 | 15]18]03]05]08]02

07151030508 | 15]18]02]05]08]02

*| ¥ *¥| *
F| K| *¥| *

07151030508 | 15]18]01]05]08]02

Py = Po2)

06 125107105107 ]15]17]07]04 )04 ] 02658259

06 1251071050715 ]17]07]03]04] 02822259

06 125107105107 ]15]17]107]02]04] 02964259

06 125107105107 ]115]17]107]01]04] 02 |10.87]2.59

Py = Po2)

06 | 1510504 ]05]14]15]02]02) 05| 03 |222

06 | 15]05]04]05]14]15]02]02) 05| 03 222

06 | 15105104 ]05]14]15]02]02) 05| 03 |222

*| ¥| ®| *

06 1 15]05]04]05]14]15]02]02)]05) 03 222

2 2
S§7 <8y

06 | 1510410507 |15 ]17]107]02]01] 06 |12.59]|7.21

06 | 1510410507 151707 ]02]02]| 05 |11.37]|7.15

06 | 15,104 )105]07 151707 ]02] 03] 04 983 |6.85

06 | 1510410507 ]15]17]07]02)]04] 03795 ]6.29
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2 2
§°>80,

0710710707 ]071]07]07]07]07]07]07]07 107

0710710707107 1]07]07]07]07]07]07]07 107

0710710707 ]071]07]07]07]07]07]07]07 107

0710710707107 ]071]07]07]07]07]07]07 107

2 2
S§7 =80

050508020512 ]15]08]04]07]0.7]6.88]3.63

050508020512 ]15]08]04]07]0.7]6.88]3.63

0505080205 ] 12]15]08]04]07]0.7]6.88]3.63

0510508 ]02]05]12]15]08]04]07]0.7]6.88]3.63

w,

071051060508 ] 15|18 ]08]01)07]02]549]| *

06 10506 05|08 | 15| 18] 08/ ]017]07]02]485]0.12

050506 05|08 15| 18]08]01]07]02]416]1.56

04105060508 ] 15]18]08]01]07]02]342]3.05

7

08 1050806 |07 16|17 ]08]02]05]05]11.07]3.51

08 10510706 |07 |16 | 17|08/ ]02]05]05]1193]5.62

08 105060607 16|17 ]08]02]05]05]1151]570

08 10510510607 16|17 ]08]02]05]05]1035/442

(k1)

0.8 2 04 051081518108 ] 01 ] 02] 03 ][18.34]3.09

08 1151040508 | 15| 18] 087 ]017]03]03]1620]848

0.8 1 04 105108 15|18 ]08]01]04] 04 [1438][046

08 105040508 15| 18]08]01]05] 0511061484

Table 1 exhibit that for all cases, i.e. p(<,=, >)p(2), P (<,=, >)pb(2),
S? (<,=, >)S(22), W,, u and (k - l) , when M =2, the percentage loss in precision
ver 15; s maximum in 151*2 while it is least in 13: (or b; ). It is noted that in
some cases the percentage loss in precision of ﬁfz over 5; is less than that of
151* (or 15;) which contravene the condition (3.1). For the cases p<p),
S* < S(zz) and S? > S(ZZ), the percentage loss in precision of all the estimators

A

over D; decreases. For the case p>p,), the percentage loss in precision
decreases in ﬁ; while it increases in Dl* (or D; ). However, for the cases
P=Pays Pp=Pyo and s? :S(zz), the percentage loss in precision remains
constant for all the estimators. For p, > p,,,, the percentage loss in precision

. . lag ] . . s Ak .
increases in D, and remains constant in D, (or D, ). For different values of W,
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the percentage loss in precision of all the estimators over 5; increases in ﬁfz
while it decreases in 15: (or 15; ). For the case of u, the percentage loss in

.. . g .
precision of all the estimators over D, first increases and then decreases. For

different values of (k —1), the percentage loss in precision decreases in case of

g . ag ] ANEN . .
D,, andin D, (or D,) it first increases and then decreases.

4. Conclusions

In sampling on two occasions we have considered the estimation of
population mean on second occasion when the sampling units are clusters and the
observations on the first occasion are regarded as ancillary information for the
observations on the second or current occasion. In many surveys, information is
usually not obtained from all the sample units even after callbacks. The technique
of Hansen and Hurwitz (1946) for estimating population mean for current
occasion in the context of cluster sampling over sampling on two successive
occasions has been developed. Three different possible cases when there is non-
response (i) on both the occasions, (ii) only on the first occasion, and (iii) only on
the second occasion, have been discussed. The loss in precision by using the

estimators 151*2 (optimum estimate in case (1)), D1* (optimum estimate in case (ii))

and D; (optimum estimate in case (iii)) over direct estimator f* of the

population mean Y on the second occasion using no information gathered on the
first occasion, have been computed. It is envisaged numerically that the loss in
precision due to D;, over ¥ is maximum as compared to Dl* and D; for m =

2 and 4. Thus, the present study is recommended when there is need to correct for
non-response in cluster sampling over two occasions.
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